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ON  THE  SOLVABILITY  OF  A WORD  PROBLEM  FOR  RESTRICTED  SEMICROUPS 


. Lawrence  Snyder 
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10  Hlllhouse  Ave,  New  Haven  CT  06520 


ABSTRACT:  A elate  of  aealgroupe  called  1-re- 

atrlcted  aealgroupe  la  defined  la  which  there 
la  at  moat  one  relation  per  generator  and  at 
moat  one  occurrence  of  the  generator  aynbol  in 
any  word  equivalent  to  It.  The  word  problem 
for  1-reatrlcted  aemigroupa  la  ahovn  to  be  de- 
cidable. 

Since  Poac'a  Cl]  original  work  on  the  eub- 
Ject,  aemlgroup  word  problana  have  been  a aource 
of  Intereating  computational  probleaa.  With  the 
general  problem  having  an  undecldable  word  prob- 
lam,  Interest  has  shifted  to  Che  complexity  of 
word  problems  for  restricted  semigroups  [2], [3]. 
In  thla  latter  paper,  Strong,  Magglolo-Schnattl 
and  Rosen  [3]  abstracted  an  optimization  problem 
In  terms  of  a word  problem  for  restricted  eeml- 
groups  and  conjectured  Its  decidability.  In 
this  report  a partial  answar  la  given  In  the 
af  firms  t lvc. 

Let  A be  an  alphabet.  A restricted  eemi- 
group  presentation  S - (A,P)  where  P la  a finite 

set 

P £ («a,v»  j a c A,  w c A*) 
such  Chat  for  ell  «a,w>,  <a',w’>  < P,  a»a’  Im- 
plies w-w' . The  pairs  <a,w>  are  customarily 
written  as  a i w and  the  symbol  a la  called  a 
generator.  Thus  a restricted  semigroup  has  at 
most  one  equivalence  per  generator  and  no  other 
relations.  For  semigroup  S - (A,P)  and  words 
a.BcA*,  a derioee  B In  S written 


provided  there  exists  <e,w>  < P such  that  elthar 
o-uav  and  8-uwv  or  a-uwv  and  Bauav  for  some 
u.vtA*.  Since  o B Implies  S ">  a,  derlv- 

sblllty  Induces  an  equivalence  relation  on  Che 
set  of  words;  accordingly  o aj>  S Is  customarily 

vrlttan  as  a | B by  abuse  of  nocstlon  and  the 

semigroup  nama  S is  elided  where  no  confusion 
can  result. 

The  (uniform)  Hard  problem  for  restricted 
semigroups  la  to  decide  for  any  S - (A,P)  and 
words  u,vcA*  whether  or  not  u i v.  This  problem 
Is  still  open,  in  [3]  this  word  problem  Is  re- 
cast In  what  Is  more  familiar  terminology: 

Lemoa  [3]:  The  word  problem  tor  restricted 

semigroups  is  equivalent  to  the  Intersection 
problem  for  a pair  of  context-free  grammars 
which  differ  only  In  start  symbol  and  ars  re- 
stricted to  have  one  production  per  non-terminal 
(except  that  each  non-terminal  has  an  additional 
rule  of  the  fora  B - b,  where  b Is  a terminal 
distinct  from  all  terminals  corresponding  to 
other  non-terminals). 

The  systems  of  present  Interest  sre  s sub- 


class of  restricted  semigroups.  A 1-reotricted 
eemigroup  S • (A,P)  .Is  a restricted  semigroup 
such  that  <a,w>  < P and  aiaaS  implies 
n,S  < (A-{a}>*.  That  is,  any  word  equivalent  to 
a generator  contains  at  most  one  occurrence  of 
that  generator.  In  terms  of  the  context-free 
formulation  mentioned  above,  a 1-restrlcted 
semigroup  corresponds  to  a context-free  granar 
In  which  no  word  derivable  from  a non-terminal 
contains  Jore  than  one  occurrence  of  thac  non- 
terminal. Thus,  "pumping"  is  permitted  but  In  a 
limited  way. 

In  order  to  exhibit  the  objects  Just  de- 
fined as  well  as  to  motlvata  parts  of  the  subse- 
quent development,  consider  the  1-restrlcted 
semigroup 

S • ({a.b.c.d.e),  ( <a,cddddde> , 

<b,ddddde>, 

<d,cdcc>, 

<e,ce>» 

which  corresponds  to  the  context-free  graamars 
C#  - ((a,b,c,d,e),T,a,P) 

Gb  - ((a,b,c,d,e) ,T,b,P) 

where 

P - (a  — eddddde, 
b ♦ ddddde, 
d •»  cdcc, 
e ♦ ce) 

and  tha  terminal  productions  have  been  deleted. 

We  ask  the  word  problem:  Is  a i b?  The  answar 

Is,  yes,  aa  can  be  shown  by  exhibiting  a word  In 
L(Ca)nL(Cb).  In  particular,  consider  the  two 

derivations  In  "parallel": 

a ■»  eddddde  ■>  cdcdccde  •>  cdc2dc4d3e  ->  ... 
b - > ddddde  a>  edeedddde  ■>  edc2dcdc2d2e  ■>  ... 
■>  cdc2dcl,dc8dclsdc J2a 
■»  cdc2dc'*dc8dcltdc32e  0 

The  objective  of  the  remainder  of  the  paper 
la  to  prov<*: 

Theorem:  The  word  problem  for  1-restrlcted  semi- 

groups Is  decidable. 

In  the  Interest  of  economy,  the  proof  Is  only 
sketched.  The  general  logic  of  the  argument  is 

to  construct  a word  In  L(G  )nL(C  ) or  show  that 
A B 

none  can  exist.  The  construction  involves  car- 
rying out  a "parallel  derivation"  so  that  at 
each  step  a word  In  L(GA)nL(Cg)  must  Include  the 

symbols  being  generated.  If  at  some  point  tha 
derivation  cannot  be  extended  L(GA)nL(Gj)  - *. 

A key  tool  In  the  construction  Is  a special  der- 
ivation dag,  which  will  now  be  developed. 


Xn  tha  subsequent  dlacuaalon  tha  grammars 
CA  and  G#  ara  assumed  to  ba  (Ivan  and  la  sbbre- 

vlacad  Moreover,  without  loaa  of  general- 

ity It  nay  ba  aaaunad  that  thara  ara  no  produc- 
tlona  of  tha  fora  C •*  « (whara  c la  tha  ampty 
word) , and  no  productions  of  tha  fora  C •*  C 
alnca  equivalent  problaaa  can  ba  fornulatad 
without  thaaa  productlona.  Call  a aaquanca  of 
lattara  CQ  a ayels  If  thara  ara  produc- 

tlona 


C1  * alCl+-l®l 


lil<n 


and 


Cyclaa  hava  aavcral  propart laa: 

(1)  Tha  rotation  of  a cyda  la  a cyda, 

l.a. , Cj la  a cyda  If  and 

only  If 

C(k  nod  n)+l’* ' " ,C(lc+n  nod  o)+l 
la  a cyda  Osk<n. 

(11)  Two  cydca  that  ara  not  rotations  of 
ana  another  ara  disjoint,  l.a., 

. . . ,C^,C j , • • . ,C^  cyclaa  implies 

for  no  1 and  j doaa 

(Ill)  Cyclaa  pereiet,  that  la, 

A“». . .»»oCjfl*>. . .“>r  for  C^  In  cycle 

C......C  , then  for  aoae  1,  t"o'C,8'. 

in  J 

This  last  fact  la  aatrenaly  crucial  In  tha  proof. 

A cycle  C. C la  trivial  If  n«l.  Ua 

i o 

now  atata  a useful  simplification: 

Lama:  For  any  1-reatrlcted  G^  thara  exists  a 

1-restrlcted  C'u  containing  only  trivial  cycles 

such  that  MB  In  G If  and  only  If  MB  In  C'  ». 

As 

Tha  proof  rellea  on  tha  previously  ennuaerated 
facts  and  la  constructive.  It  la  complicated 
only  by  tha  fact  thac  cycles  can  be  entered  at 
various  points,  thus  care  must  ba  used  In  "col- 
lapsing" cycles.  In  tha  sequel  la  assumed 

to  have  only  trivial  cycles,  sad  Is  called 

tha  cycle  latter. 

A derivation  dag  for  G^  Is  an  oriented 

acyclic  graph  D ■ (V,E)  with  vartex  sat  V • tha 
alphabet  for  G^  and  the  edge  sat  E defined  by 

E • (<CjD1>|C  ■»  Dj Dq  Is  a production  * 

C » Dt). 

Evidently  D Is  a dag  since  a graph  cycle  la  D 
Implies  a letter  cycle  In  G^  — but  thasa  ara 

at  moat  trivial  and  the  second  condition  avoids 
Introducing  loops. 

Notice  thac  the  dag  may  have  multiple 
sources,  but  generally  only  a subset  of  these 
will  be  of  Interest  (a.g. , A and  > Initially). 


Let  (Cj,...,CD)  ba  used  to  denote  tha  subdag 

reachable  from  vertlcca  C,,...,C  . 

1 a 

A reduced  derivation  dag  la  a derivation  dag 
containing  only  cyclic  letters  plus  tha  sources 
and  alnks  of  D formed  by  adding  for  every  pair 
of  edges  <C,D>  <D,F>  such  that  0 Is  noncycllc 
a new  edge  <C,F>  and  than  delating  tha  vertex 
D from  V and  <C,D>,  <D,F>  from  E.  Tha  reduced 
dag  D( A,B)  will  guide  the  derivation  (it  poss- 
ible) of  a word  In  L(A)nL(B).  Before  arguing 
that  no  Information  haa  been  "lost"  In  forming 
the  reduced  derivation  dag.  It  la  nacassary  to 
describe  Its  role. 


Notation:  For  a cyclic  letter  C with  pro- 

duction C — D, ..  .D.  CD.  . , . . .0  and  a reduced  der- 

lvatlon  dag  D,  1(C)  (resp.  fl(C))  la  the  set  of 
source  vertices  of  tha  subdag  D(D^,...,Dk) 

(resp.  D(Dk+1,...,Dn)). 

Next,  tha  procedure  for  tasting  emptiness 
of  L(A)nI,(B)  In  G^  1*  described.  Tha  procedure 

Involves  a "parallel  derivation"  as  exhibited 
In  the  example.  At  each  step  the  two  sentential 
forms  will  ba 


°0ClalC2' ’ 'Cn°n 
B0ClBlC2"-CnBn 


(1) 

(2) 


where  (1)  is  the  sentential  fora  In  the  deri- 
vation of  A and  (2)  is  the  corresponding  sen- 
tential fora  In  the  derivation  of  B.  The  C^ 

will  be  cycle  letters  known  to  match  and  are 
called  oonp ! inen tary  letters.  The  terms  firet 

C.  and  eeaond  C.  will  refer  to  occurrences  In 
t t 

their  respective  forms.  The  argument  will  pro- 
ceed by  showing  how  to  form  n+1  subproblems 
each  Involving  and  which  can  be  solved 

Independently  of  one  another. 

A key  lemma  for  limiting  the  matching  prob- 
lem thac  will  arise  shortly  is: 

lerma:  Given  the  two  forms 

aOCl®lC2°2* ’ ’Cn°n  « L(CA)  (3) 

80ClBlC282-CnBn  * L(V  <4> 

It  there  exists  arc  L(GA)nL(Gg)  derivative  of 
both  (3)  and  (4),  there  exists  a t'  c L(CA)n 
L(Gg)  derivative  of  (3)  and  (4)  thac  requires 

pumping  of  at  most  one  letter  of  each  comple- 
mentary letter  pair. 

Baeio  etep:  In  forming  the  Initial  sen- 

tential forma  (1)  and  (2),  there  are  two  cases: 
(a)  both  A and  B are  noncycllc  letters  and  (b) 
one  of  them  la  cyclic.  By  peralatance  of  cyclic 
letters,  both  A and  B cyclic  Implies  L(A)nL(B) 

“ In  case  (a),  (1)  (resp.  (2))  Is  simply 
Che  sentential  form  formed  from  the  dlrecc 
descendants  of  A (resp.  B) , In  (A,B). 

Let 


®0C19XC2®2‘ " *Cb®b  <5) 

#0Dl9lD2B2-'-V-  (6) 

be  the  two  word*  thus  constructed  where  the 
and  arc  all  occurrencea  of  source  nodes  In 

C( A,B)  when  A and  B are  removed.  If  w t L(A)n 
L(B)  then  the  C and  D of  (S)  and  (6)  must  be 
' ? J 

In  the  derivation  for  w alnce  thla  la  the  first 
stop  of  the  derivation.  Since  there  can  be  no 
more  copies  of  the  source  vertices  Introduced, 
w « L(A)nL(B)  Iff  m and  Cj-D^. 

For  the  case  (b) , assume  A cyclic  and  form 
descendant  word  for  B: 

Vl(lD2"'(kA,W-0.,m 

whera  D^.-D^  (reap.  Dk>1*  • •D-)  sources  la  £(A) 
(resp.  /1(A)). 

If  A can  be  pumped  to  form 

°0CI°IC2"  • • Wl’  * ,Cn°n 

ao  that  m»n  and  C^-D^  we  continue.  If  not, 

aource  nodes  cannot  be  otherwise  Introduced  and 
L(A)nL(B)  • ♦. 

In  either  case,  the  muat  be  In  any  word 

derived  by  persistence  of  cyclic  letters.  The 
a^.Sj  contain  cyclic  as  well  as  noncycllc  words 

Introduced  by  the  transformation  from  cycles  to 
trivial  cycles  as  well  as  the  operation  of  re- 
ducing the  dag.  However,  a moments  reflection 
indicates  that  any  letters  Introduced  by  these 
two  operations  cannot  be  misleading. 

Subprobltm  foliation: 

The  problem  la  to  match  X,Y  In  the  context 

of  0(C, , ...,C  ) where 
x n 


X 

T 


“0ClolC2",Cnan 

®lCl®lC2’**Cn*n’ 


The  goal  Is  to  break  this  problem  Into  simpler 
subproblems;  however,  because  of  the  interde- 
pendencies illustrated  In  the  example,  thla  can- 
not be  done  directly. 


The  general  procedure  Is  to  proceed  from 
left  to  right  through  the  two  sentential  forms 
trying  to  match  corresponding  sequences  o^C^ 

against  BjC^  (Oil<n).  Match,  here,  does  not 
mean  o^Bji  but  that  those  letters  that  can  only 
be  Introduced  by  C^,  namely  £(C1+1),  match  as 
a subsequence.  (Denote  this  match  by 
£(Cj+j)  and  read  "a^  matches  8^  relative  to 


There  are  two  steps.  Step  1 la  used  when 
a certain  number  of  cycles  of  one  of  the  C|tj 


complementary  pair  Is  dlctatad  by  the  necessity 
of  matching  o^-B^  | £(CJ+1).  Under  some  elr- 

ciasatances  (e.g. , £(C1+j)  - ♦)  no  constraints 

are  Immediately  Imposed.  If  so,  Step  2 poet- 
pones  resolution  and  labels  a "filler"  — 

a form  that  can  be  pumped  arbitrarily  to  achieve 
a match.  (The  variable  d of  the  example  would 
be  a "filler"  If  all  words  of  the  example  were 
rever  ed. ) When  an  explicit  number  of  pumps  Is 
discovered,  the  pending  fillers  are  converted  to 
subproblems  by  a procedure  called  "cascading." 
(Both  "filler”  and  "cascade"  are  explained  more 
fully  after  step  2.)  Finally,  It  should  be 
emphasized  that  the  matching  required  In  the 
following  steps  Is  a finite  process  by  virtue 
of  the  earlier  lemma  on  pumping  only  one  letter 
of  a complementary  pair. 


S£SE-L:  Given  «1C1+1a1+1...Cnon 


1C  8 ...C  I 

P1  l+lBl+l  n n. 


Co*#  1:  (£(Ct)  * ♦,a1  - Bt  | £(C1+1)).  Con- 

strained — since  C^  can't  be  cycle  without 
ruining  the  equality.  X « o^,  T • B^  In 
D(£(C1+1))  la  the  new  subproblem.  Delete 
OjC1+1  and  B^C^^  and  return  to  step  1. 


Cos*  2.'  (£(CX)  « ♦,a1  * | £(CJ+1>).  Con- 

strained — force  <»1“8i|i(C1+1)  if  possible. 

If  not  possible,  then  the  Intersection  la  empty. 
If  t cycles  of  (say)  the  Clrtc  force 

equality  relative  to  £(ci+1)  C1+1  * yC^jY’, 

then  X » in  (Xc1+1)  1*  th«  subproblem. 

Remove  a^C^  and  BjC^  and  replace  by 

y'  *0^1  S return  to  step  1. 


Cass  3:  (£(C1+1)  - p).  Constrained  — and 

8^  must  match  exactly  since  cycling  can't 

help.  If  * B^  the  Intersection  Is  empty, 
otherwise  verify  match,  delete  and  B^  and 
go  to  step  2,  k-1. 


Tirmnation:  (l»n)  Proceed  as  in  case  ) 

except  halt  Instead  of  going  to  step  2. 


5tcE_2:  Given  Vfc. . . .C^ 

Vk-'i'i'w-V. 

where  G^.-.C^j  ar*  fillers. 

Cos*  1:  (£(C1+l)  " ♦).  Constrained  — cycle 

Cj  to  force  o1»8i|/f(C1).  If  not  possible  — 

Intersection  Is  empty.  If  possible  with  t 
cycles  of  (say)  the  first  C^  and  Cl  * yC^y', 

the  subproblem  la  X-y'^j.Wj,  D(/?(C1)). 
Replace  with  n^Y*  and  cascade.  Delete 


and  return  to 


arc  all  aolved  successfully,  a word  In  L(A)nL(B) 
la  fotmd.  Otherwise,  non*  can  exist. 


» 

I 


1 


everything  to  tha  left  of 
atop  2,  k-1+1. 

Cat a 2:  «<Cm)  • ♦ a i(Ci+1>  « HCJ.  Con- 
atralnad  — cycle  and/or  C^+1  until  they 
natch  with  reapect  to  both  £(Ci+^)  and  ^(C^), 

If  poaalble.  If  not,  the  Intersection  la  aapty. 
If  io,  and  (aay)  the  first  and  (say)  tha  sec- 
ond are  cycled  t and  u tines,  respectively, 

and  ♦ yC^y'  and  C1+,  - dC^jd'  the  new  prob- 
lens  are  X-y^o  .Y-0^4  In  DOHCjuKC^)) . 
Replace  by  o^y*  and  cascade.  Replace 

*1+1  by  S'Ubi+1’  Ci+1  *“d  everything  to 

the  left  and  go  to  step  l. 

Coes  3:  UtC^)  * ♦ a t(C1+1)  - If  C t 

la  a filler,  lncrentnt  1 and  return  to  step  2. 

If  Is  not  a filler,  proceed  as  In  caaa  2. 

Termination : (1-n)  Treat  as  case  1. 

A filler  Is  a cycle  letter  CA  In  a torn 


ClalCl+l 

C1*1C1+1 


that  can  force  a natch  given  that  haa 

cycled  t«N  tines.  To  teat  If  la  a filler 
given  Ct  -►  yo^y ' and  CJ+1  - dC^d',  cycle 
(opposite  pairs)  of  Cj  and  so  that  and 

B1  do  not  overlap,  then  test  tha  two  resulting 

words.  If  |y'|  * | d | or  u*|y'|  » |d|,  then 
to  be  a filler  the  two  words  bounded  by  and 

oust  natch.  If  |y  | • |d|*u  then  the  words 
botsided  by  Cj  and  nust  natch  once  In  every 

vSu  cycles  of  Cj+^  In  order  to  be  a filler.  In 
all  other  cases,  Is  not  a filler.  For  the 
case  where  v>l,  dlalatc  by  v cycles  — then 

any  nunber  of  C^j  cycles  can  be  Hatched. 


To  cascade 

Ck-"Cl-l°l-l1rt 

V”C1-1*1-1 

where  the  ar*  fillers,  force  a natch 

by  cycling  the  appropriate  nunber  of  tines. 

Thus,  If  •*  dCj_^B',  find  u such  that 

o1_lyt  * du3^_^  | end  nake  X - o^y* 

Y • duB1_1  In  0(/?(C1_^))  a subproblan.  Than 
cascade  the  renalnder  of  the  forna. 

Finally,  note  that  all  of  the  created  sub- 
problens  can  be  solved  Independently.  If  they 
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